Exponential time-differencing
methods for HOMME-NH

Andrew Steyer, Cassidy Krause
Sandia National Laboratories

IR — *T f—r"" T ——— >

¥ e A

Background Approximating the matrix exponential
The E3SM atmosphere model (EAM) targets high-resolution (3 km horizontal grid spacing) Implementing ETD-RK methods requires algorithms for approximating BZUp(Ath)f
simulations. The full description and derivation of HOMME-NH is given in Taylor et al [1]. for arbitrary vectors f The matrix exponential is approximated by a rational Pade approximant:
HOMME-NH uses a horizontally explicit vertically implicit (HEVI) partitioning of the
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0 o o 5 - pseudo-density The spatial discretization of HOMME-NH means that. AtL,, — 51 has the following form:
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We express (1) as g, = n(q) + s(q), where s(q) (the boxed terms in (1)) represents stiff vertically
propagating acoustic waves and n(q) represents the remaining relatively nonstiff terms. Therefore 6£Cp(Ath)§ can be approximated by p tridiagonal left-multiplications and g

tridiagonal solves. When the norm of AtL,, large the following scaling and
Implicit-explicit Runge-Kutta (IMEX RK) methods for integration of (1) were derived and analyzed and exponentiating factorization is used to improve the conditioning of the approximation:

In Steyer et al [2] and Vogl et al [3]. We consider exponential time differencing (ETD) methods
as an alternative integrator for HOMME-NH.

exp(AtLy, )¢ = exp(AtL,, k) ¢ = exp(AtL,, /k) - ... exp(AtL,,/k)E

Exponential Time Differencing Methods

Given an approximate solution g,,, = q(t,;,) at time-step m, we linearize the stiff part s(q) along
dn. LetL,, = 0s/0q(q,,) and let N,,(q) = f(q) — L,,,q. Now our additive partitioning becomes

dt = f (C[ ) — Lmq + Nm (CI ) - Error vs Runtime . Log-log plot of Error vs Stepsize
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Given a Runge-Kutta Butcher tableau —7—, the ETD-RK solution is given by ol \ T ETD-RII-23b) 1
% ETD-RK1-3-4b :

S
Am+1 = eLmAtCI’m + At 2 1bi(LmAt)Nm(tm + CiAt; gmi); 101
1=

(o 4]
T

with stage values

runtime (s)
log(error)

(o)}
T

—¥-ETD-RK1-2-3a|
—¥-ETD-RK1-2-3b | |
ETD-RK1-3-4a .
—¥-ETD-RK1-3-4b |
- - Slope 2 3
-~ Slope 3 ‘

S
Imj = eCijAtqm + Atz ) Aj; (LmAt)Nm(tm + Cl'At, g‘ml) :
[=

11
1 1 1 1 1 1 1 1 1 2
105  -10 95 9 85 -8 75 7 6.5 ) 10 . 10
log(error) log(stepsize) (s)

asteyer@sandia.gov

~ 3 For additional information, contact: U.S. DEPARTMENT OF
E SM Energy Exascale Andrew Steyer
Earth System Model (763)516-62629 e3sm.org



